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r11(X −Xs) + r12(Y − Ys) + r13(Z − Zs)

r31(X −Xs) + r32(Y − Ys) + r33(Z − Zs)

y′ +∆y = y0 − f.
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(
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34 5674$4 +,LL,-M 8/6"7,, !# 21* +,LJN-O @

x′ −∆x =
L1X + L2Y + L3Z + L4

L9X + L10Y + L11Z + 1

y′ −∆y =
L5X + L6Y + L7Z + L8

L9X + L10Y + L11Z + 1
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∆x = −δxr − δxt

∆y = −δyr − δyt
893A<

BC δxr )# δyr )D.%!1)&# *E)F)#  ) *'  !"#$%"!$& %' !'*) 76%27 )# 8&9:;%& 89:;G<? @

δxr = x(K1r
2 +K2r

4 +K3r
6)

δyr = y(K1r
2 +K2r

4 +K3r
6)

893H<

I5)0 x )# y *)" 0$$% $&&/)"  , .$!&#  E!&#/%J# 0$%%!(/)" .'% x0 )# y0K #'& !" +,) r =
√

x2 + y23
K1K K2 )# K3 "$&# *)" 0$)L0!)&#"  )  !"#$%"!$& %' !'*)3 M&",!#)K *'  !"#$%"!$& #'&()&#!)**) 8δxt
)# δyt< )"# 1$ /*!"/) .'% *)" /+,'#!$&" ",!5'&#)" 76%27 )# 8&9:;%& 89:;G<? @

δxt = P1(2x
2 + r2) + 2P2xy

δyt = 2P1xy + P2(2y
2 + r2)

893;:<

P1 )# P2 "$&# *)" 0$)L0!)&#"  )  !"#$%"!$&" #'&()&#!)**)"3 N'&" *) 0'"  ) δxt )# δytK *)" #)%1)"
 E$% %) ",./%!),% - 9 $&# /#/ &/(*!(/" .'%0) +,E!*" "$&# #%O" P'!Q*)" 742,5 89:;><?3
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893;:< )# S+,'#!$& 893;< 7 #& )# '*3 89:;:<? @

x = x0 − f.
r11(X −Xs) + r12(Y − Ys) + r13(Z − Zs)

r31(X −Xs) + r32(Y − Ys) + r33(Z − Zs)
+ δxr + δxt

y = y0 − f.
r21(X −Xs) + r22(Y − Ys) + r23(Z − Zs)

r31(X −Xs) + r32(Y − Ys) + r33(Z − Zs)
+ δyr + δyt
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#'#!$&  , %'#!$ Q'")Y/*$!(&)1)&# 8B/Z<3
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 !"#$#%& '!()&% *+,-.*+,#/0% (% (#1,!21#!3

 !"#$ xhd = (1 +R1r
2 +R2r

4 +R3r
6)xh + 2T1xhyh + T2(r

2 + 2(xh)
2)

yhd = (1 +R1r
2 +R2r

4 +R3r
6)yh + 2T2xhyh + T1(r

2 + 2(yh)
2)

 %&'&()*+ x′ = x(1 +K1r
2 +K2r

4 +K3r
6 +K4r

8) + P2(r
2 + 2x2) + 2P1xy

y′ = y(1 +K1r
2 +K2r

4 +K3r
6 +K4r

8) + P1(r
2 + 2y2) + 2P2xy

 %&'&,&-./.0 xc = x(1 +K1r
2 +K2r

4 +K3r
6) + P1(r

2 + 2x2) + 2P2xy

yc = y(1 +K1r
2 +K2r

4 +K3r
6) + P2(r

2 + 2y2) + 2P1xy

 !"#$ %&'() Cx = (1 +R3ρ
2 +R5ρ

4 +R7ρ
6)du + P1(2d

2
u + ρ2) + P2(2dudv)

Cy = (1 +R3ρ
2 +R5ρ

4 +R7ρ
6)dv + P1(2dudv) + P2(2d

2
v + ρ2)

 !"#$!%  !" # $%&'()(*' +,- ./0/12)0,- +, +(-)*0-(*' +/'- +(3%0,')- 4*5(6(,4-!

 !"#$#%& ∆x ∆y x y r K1 K2 K3 P1 P2

*+,-. xhd yhd xh yh r R1 R2 R3 T2 T1

*/$0$1234 x′ y′ x y r K1 K2 K3 P2 P1

*/$0$5$6"7"# xc yc x y r K1 K2 K3 P1 P2

 !"#$ %&'() Cx Cy du dv ρ R3 R5 R6 P1 P2

 ! "# #$%&'( )& *++,-.+/(0 '$#0$ 1(2(# 3456'5& )2+(%&37(3& /+#07'#70 0+#7 834/+#$040! "#&

834.43&#/& &07 )+#/ )+##4& '(9 '88'3&$60 ':'#7 )&0 6&#7$66&0 (#$1(&0 0+(0 ,+)& ,'#(&6 0'#0

'(/(#& '(7+,'7$0'7$+#!

;! <&0 $,'5&0 #&77&0 ':'#7 )&0 8+$#70 )& /'6'5& =$&# )4>#$0 8&3,&77'#7 )& 6&0 ,&0(3&3 834?

/$04,&#7! @+(%&#7A /&0 8+$#70 0+#7 0+(0 6' .+3,& )& /$=6&0 '(7+,'7$1(&0 B/+)&0?='33&0C +(

)& 8+$#70 #'7(3&60 ':'#7 )&0 /++3)+##4&0 /+##(&0 '%&/ (#& 53'#)& 834/$0$+#!

D! <&0 %'3$'7$+#0 )24/E&66& 0(3 62$,'5& 8+(3 8&3,&773& (# /'6/(6 >'=6& )&0 8'3',F73&0 )2+3$&#?

7'7$+# $#7&3#&A #+7',,&#7 6' )$07'#/& 83$#/$8'6& &7 6& )4/'6'5& )( 8+$#7 83$#/$8'6! G&77&

/+#)$7$+# 8&(7 H73& '77&$#7& &# (7$6$0'#7 (# +=I&7 )& /'6$=3'7$+# ':'#7 (#& )$J43&#/& )&

83+.+#)&(3 /+,,& )&0 +=I&70  <!  !"#$%&$# &7 '()*!( BKLLMC 834/$0&#7 1(2(#& /'6$?

=3'7$+# 0(3 )&0 /$=6&0 86'#&0 &07 .'$0'=6& &# 5'3)'#7 (#& .+37& /+#%&35&#/&A )&0 /E'#5&,&#70

+37E+5+#'(9 )2'#56& )& 3+(6$0 &7 )$J43&#7&0 )$07'#/&0 /',43'?+=I&7 0+#7 834/+#$04&0! N2$)4&

&07 )& 3&53+(8&3 )$J43&#7&0 4/E&66&0 )2$,'5& 0(3 62&#0&,=6& )( /'87&(3!

M! N2&9'/7$7()& )( 83+I&7 '(5,&#7& '%&/ 6& #+,=3& )& 8+$#70 ,&0(340 )'#0 (#& $,'5&A ,'$0

,+$#0 0$5#$>/'7$%& '( )&6O )2(#& )$*'$#& )& 8+$#70! N' 348'37$7$+# )&0 /$=6&0 0(3 62&#0&,=6&

)& 62$,'5& &07 $,8+37'#7& &7 8&3,&7 )2',46$+3&3 6' )47&3,$#'7$+# )&0 )$07+30$+#0!

P! N2&9'/7$7()& '(5,&#7& '(00$ '%&/ 6& #+,=3& )& .'$0/&'(9 8+(3 (# 8+$#7 1(&6/+#1(&! G&?

8&#)'#7A 62',46$+3'7$+# &07 83+8+37$+##&66& O 6' 3'/$#& )( #+,=3& )2$,'5&0 )'#0 6&01(&66&0

6& 8+$#7 &07 73+(%4! Q$#0$A 6& 5'$# &# 834/$0$+# /+,,&#/& O 0& 07'=$6$0&3 O 8'37$3 )2&#%$3+#

R .'$0/&'(9 8'3 8+$#7!

R! N2'(7+?/'6$=3'7$+# #2&07 >'=6& 1(& 6+301(2(#& 54+,473$& )& 340&'( .'%+3'=6& &07 8340&#7&A

/2&07?O?)$3& (#& /+#>5(3'7$+# )&0 /',43'0 .+37&,&#7 /+#%&35&#7&A '%&/ )&0 %'3$'7$+#0 &#

'#56& )& 3+(6$0 +37E+5+#'6&0 &7 (# 53'#) #+,=3& )& 8+$#70 =$&# 348'37$0!
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;%&,"$*+(7
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-.+J"* '* !.,-)$ "('/,) '/ !".'/,) I-&%1 /- I%)"&3* &4*; ;.-)"&,-)* (!,!.%&,"* *$) )"#$
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R7 ^)&!* '* +&,%%&3* ] ,% $2&3,) '2/-* ()&!* .N %* %.3,;,*% 4& 3(-("*" %* +.'#%* +&,%%( U !&")," '*$
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-./$ '.--* %* ;?.,M '* %2&%3.",)?+* '&-$ ;* !".;*$$/$7 O./$ !./4.-$ >&,"* %* +&,%%&3*
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