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ABSTRACT
The geometrical transformations change the spatial relationship between objects in an image.  One of the principle applications of
geometric transformations concerns the possibility of correcting the digital images of the distortions introduced by the camera.
Often the images produced by inexpensive cameras present geometric distortions of a very large nature.  These images must be
corrected in order to be used metrically in the survey.  The traditional approach to the problem is to modellize the aberrations
(distortions) of the lens system and correct the images obtained.  In the approach utilised in the work that is presented here, only the
effects on the final image are evaluated, without researching (and therefore modellizing) the factors that have caused these effects.

Also introduced here are the experiences earned by applying a calibration method based on the application of a polynomial warp
usually named rubber sheeting.  This method has been applied experimentally to some non professional digital photocameras whose
internal orientation, with infinite focus, can be considered to be stable.  The method is based on the shot of a measured control
network and on the estimation of the parameters of the polynomial on the basis of the points measured on the image and on the
network.  A specific software has been realised for the implementation of the algorithm which will be heretofore introduced and
described.
This method was also tested on non metrical 35 mm format cameras  and objectives with strong distortions (fisheye lens).
The geometrically corrected images can be utilised for photogrammetrical applications, GIS and multidata integration.

GEOMETRIC DISTORTIONS
When non metric cameras are used for application of terrestrial
photogrammetry, the distortions constitute the type of optical
aberration which is greatly feared.
The use of an amateur type of camera, especially with lenses
with an elevated level of distortion, pose problems which are
not minor ones, given that the representations of the
photographed object which are obtained are not of central
perspectives;  the deformations are not to be neglected and in
order to use the images metrically, they must be corrected.
The lens of the photographic cameras introduce two types of
deformations:
• radial
• tangential

fig.1

fig.2

The effects that are provoked on the photograps of an object are
illustrated in the fig.1, from which it can be deduced that the
effect of the radial distortion of the image on a point P0, rather
than shape itself into P, as the gaussian lens would have, shapes
itself into P’, and in fig.2 which  schematises the effects of the
tangential deformation.
While in the metrical cameras the problem is resolved upstream,
in the amateur cameras, the problem is usually overcome
through the elaboration of a mathematical model which
approximates the corrections to be applied.
 The software elaborated by the authors and proposed in this
paper utilises another type of approach:  the use of mathematical
equations, the polynomials known as rubber sheeting,  which
permits the correction of the images without having to
investigate the causes that bring about the deformations.



DIGITAL IMAGES
In order to test the algorithm implemented, two digital cameras
and two traditional cameras were used;  for these traditional
cameras, the photographs were digitalised successive to the test
with the use of a scanner.
The use of digital images is fundamental in so much as it allows
the easy use of the typical spatial analysis elaboration.
Presumed for such operations is that the digital images have
been returned to a known geometry, utilising the specialised
procedures of referencing and calibration.
The software presented resolves a part of these problems by
using a polynomial plane transformation  whose number of
parameters is chosen by the user.

THE TRANSFORMATION ALGORITHM
For the realisation of this software the most generic form of the
plane transformation was used extracting the transformations
usually utilised as a particular case of the utilised
transformation.
The general equation which regulates the plane transformation
between two systems of coordinates (in the specific case, whole
pixel coordinates and coordinates of the external reference
system ) is represented by a n order polynomial such as:
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The procedures which utilise this polynomial are noted with the
name rubber-sheeting; at times in the application packages (GIS
o CAD) they are referred to with the more generic term of
warp-transformation.

If the polynomial is developed, the following is obtained:
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As can be easily seen, the transformations commonly used in
the survey discipline are obtainable considering the first terms
of the developed polynomial.
The similar transformation ( rototranslation with variations of
scale) is obtained by the first 6 terms:

xayaaX 100100 ++=
xbybbY 100100 ++=

where

a01 = b10      a10 = - b01

so the independent parameters are only 4.
The same transformation is obtained by  the first 6 without any
conditions:

xayaaX 100100 ++=

xbybbY 100100 ++=

the bilinear  transformation  by  the first 8:
yxaxayaaX 11100100 +++=

yxbxbybbY 11100100 +++=
It would seem evident that acting on the number of the
coefficients it is possible to utilise the program for typical
applications in the survey  and in the representation as an
internal orientation of the photograms, the rectification, texture
mapping, etc.  In this sense, the software offers the same
operative possibilities of other software for the geometric
treatment of the images.

In the case in which more than 8 coefficients are used, it is
important to make some observations. The equations are
satisfied exactly if the number of points known n = ½ p, with
the p number of the parameters taken into consideration.  It
seems evident, therefore, that if there is a large number of points
known and if an exact solution is wanted then higher grade
polynomials must be used. In general, it is better to use a larger
number of points than what is strictly necessary in order to:
• have an estimate in least squares of the parameters of the

transformation to evaluate the results of the transformation;
• avoid the problem of the over parameterisation.

This second aspect is particularly important insofar as often an
excessive number of parameters, while allowing for a better
solution from the numerical point of view (with equal control
points, lesser residuals are obtained) may bring about a
description of the phenomenon of transformation far from the
physical reality.

On the basis of a set of points, the GPT package allows for the
geometric referencing and transformation of the images
according to their utilisation in the GIS.
The control points are measured on the image (indices i, j)  and
supplied to the reference system into which the image must be
referenced.  The numerousness of the points is variable
according to the geometric transformation which is hoped to be
adopted  and the redundancy which is hoped to be obtained in
the estimation to least squares of the parameters of
transformation.

The programs allows for the choice:
• of the type of transformation
• of the number of parameters to use (or alternatively, the

degree of the polynomial);
• of the dimension of the pixel in the external reference

system;
• of the type of algorithm for the interpolation (closest,

bilinear, bicubic)).

As a release the program offers:
• resampled image, with the axes parallel to the reference

system and with the pixels in the chosen dimension;
• two files with the parameters of georeferencing

An interesting characteristic of this program is that of the
superimposition of the vectors of the residuals on the image
which allows for the easy individuation of the zones where
eventual errors might be present . 



fig.3 - GeoPlanTrans program: window for the choice of the control points and the superimposition of the
 vectors of the remainder onto the image

RESAMPLING
For the creation of the final image, one having axes parallel to
the external reference system, the technique of inverse mapping
is used , which consists of filling an appropriately dimensioned
empty image with values obtained by interpolation of the
original image.
The algorithms used for the resampling work according to three
methods: nearest neighbour assignment, bilinear interpolation or
bicubic splines.

fig. 4: the inverse method of rectification

The formula used by the zero order interpolation (nearest
neighbour) is:

fig. 5: resampling methods: zero order interpolation

The formula used by the bilinear interpolation is:

fig. 6: resampling methods: bilinear  interpolation

The formula used by the bilinear interpolation is:

fig. 7: resampling methods: bicubic spline interpolation



THE PROCEDURE
The test is based on the capturing of a reticule composed of 7x5
quadrants with side l = 10 cm (fig.9)

fig.9

The photograms have been taken with the optical axes
perpendicular to the plane of the reference reticule. If this case
was not possible, a 8 parameters transformation (homography)
to eliminate the effects of the perspective. In this kind of
transformation, in fact, straight lines remain straight, therefore
the effects caused by the distortions of the lens are maintained.
An estimation of the parameters of the polynomial form is done
following the method described below; parameters can be
archived and utilized afterwards for the camera calibration.
The procedure can be summarized in the following steps:
• photographs of the reference grid;
• 8 parameters transformation to eliminate the effects of the

perspective;
• estimation of the parameters of the polynomial

transformation.

TEST
As it has been mentioned, the application of the program has
been done by utilising the two digital cameras (an Olympus
Camedia 35 mm with 1024x768 resolution and a Canon Power
Shot Pro70 28mm with 1536x1024 resolution) and two non
metrical reflex (one with a Pentax 28mm lens and the other with
a Tamron 17mm lens)

Canon Pro70 Olympus Camedia

For each camera, many geometric transformations were
effected, varying each time the number of control points and the
number of the parameters in order to see what influence these
two variables have on the transformation itself.  In each case,
the number n of the known points was always maintained
greater than the minimum number necessary to satisfy the
equations

n>1/2 p,    with  p the number of parameters
this in order to evaluate the results of the transformation through
an estimate to the least squares.  As far as the resampling is
concerned of the corrected images, bilinear interpolation was
chosen.

In the case of the two digital cameras and for the approximate
frontal settings, the results have been analogous:  as can be
observed from the superimposition of the transformed images
with the vectorial reticule (fig.10) the distortions of the
photograph, in this case 20 control points are used, (that is to
say, a rather high number of points)  diminish with the increase
in the number of parameters used and therefore with the
increase in the degree of the polynomial;  when 20 parameters
have been surpassed, however, (polynomial of the third degree)
the situations worsens:  as has been said, an excessive number
of parameters allows for a better numerical solution to the
problem but offers a description of the deformation quite
different from the physical reality. The (fig.11) underlines in
fact how the remainders of the observations diminish with the
increase in the numbers of parameters of the polynomial.
With these two cameras, analogous results have been obtained
utilising a lesser number of points (10), providing that, for
obvious reasons, these are distributed in a reasonable manner,
which is to say, at the edges of the image.

fig.10 - a)20 points with 8 parameters, b)20 points with 20 parameters,
c)20 points with 30 parameters

                                               (a)                                              (b)
fig.11 - residual calculation in the case of development with 10(a) and
with 20 (b) parameters

Very different still are the results obtained in the case that the
photograph is very foreshortened:  the resampling of the images
does not bring about acceptable results as in the preceding case
and the deformations are that much more amplified as there are
even a lesser number of control points available.  Only in the
case in which a very high number of points is used and
distributed all along  the surface of the image are acceptable
results achieved (fig.12).

fig.12



For images with a certain geometry, it can be possible to make
an estimated rectification utilising, for example, four points and
then to correct the deformations as in the preceding case
through polynomial transformation.
The tests done with the traditional style camera have given
completely different results according to the lens used:  if as in
the case of the 17mm, the results seem to be terrible, no matter
what the number of control points or the number of parameters
chosen were  (fig13), in the case of the 28mm, much more
acceptable final results were had. It is necessary to make note of
the fact that, above all, the value of the remainders on the

                                          (a)                                                   (b)
fig.13 - 20 points with 16 parameters (a), 20 points with 20 parameters
(b)

fig.14 - a window of GPT where it's possible to see that the residual are
higher for reflex cameras

control points is surely greater (fig.14) with respect to the case
of the digital cameras, but for the non-metrical reflex it is
necessary to take into consideration the systematic errors due to
the non planarity of the film and to the use of the scanner.
For these cameras, the correction of the deformations
introduced by the distortion is had only through the used of an
elevated number of control points (20-25 points) and developing
the polynomial until the terms of the third degree (fig.15a);
halving the number of the points, the images are resampled with
much more elevated deformations and therefore they do not
supply metrically valid results. (fig.15b)

fig.15a      fig.15b

SOME COMMENT AND NEXT DEVELOPMENTS
The described procedure is still in a sperimental phase and
certainly is to be improved. The greatest care in the
photogrammetric project, both for the exterior and interior
orientation parameters. Non-metric cameras, just becouse they
don’t have a settled (stable) interior  system of reference, need
to adopt some particular solutions such as taking photograms
with the optical system at the iperfocal position, to obtain an
unknown but stable focal length. About the image coordinates
system, problems can be resolved easily in the case of digital
cameras, where the reference system is that of the image. In fact
the application of polynomial forms to correct distorsions
introduced by camera lens was satisfied in the case of digital
cameras.
About the non-metrical reflex, the use of lens with high
distortions (17mm) and the difficuty to define a stable reference
system of the film don’t give the wanted results. The
sperimentation work will go on with the attempt to fix the
image coordinates system on the non metric photograms using
the external edges of the photogram, which intersection allows
to single out some sufficiently stable points.
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